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80. INTRODUCTION 
THIS is the second of three papers in which a theory of infinite loop spaces is discussed. 
The first part of the introduction to the first paper [l] serves as a general introduction to all 
three. 
In [l; Definition 3.71 the concept of a l-+-structure on a pointed space X is defined. 
This expresses the fact that X is a monoid which is homotopy abelian with all higher co- 
herence homotopies. In this paper we prove that, up to homotopy equivalence, this is a 
necessary and sufficient condition for X to be an infinite loop space (so long as z,(X) 
is a group-which of course it must be for X even to be a single loop space). 
We must be more precise. 
For the reasons outlined in [l ; $21 (and developed slightly in $1 below) we work in the 
category of pointed simplicial sets and use the definitions of [I ; Definition 4.41 for loop 
spaces, etc. 
Dejnition. A pointed Kan complex X is an infinite loop space ifthere are pointed Kan 
complexes Ei and pointed maps ei : Ei + REi.1 which are homotopy equivalences, for all 
non-negative integers i, such that E, = X. The set E = {Ei , ei 1 i 2 0} is an Q-spectrum. 
By replacing each Ei by its ith Eilenberg subcomplex (see e.g. [7; Definition 8.31) we may 
suppose that Ei is (i - 1)-connected for each i. The spectrum E is then connective. 
It is well-known (see [13]) that to a spectrum E may be associated a generalized homo- 
logy theory E* and cohomology theory E *. If E is connective then the coefficient groups 
of the homology theory are trivial in negative dimensions: they are just n*(E,). 
Then the main result of this paper may be stated as follows: 
THEOREM A. Given a pointed Kan complex X with a r+-structure, a functor X from 
pointed simplicial sets to simplicial groups may be dejked with the following properties. 
(a) There is a connective R-spectrum E with E,, = X(F). 
(b) (i) ZfzO(X) is a group, E,, is homotopy equivalent to X. 
(ii) Zf X is afree monoid, E0 is homotopy equivalent to UX, the universalgroup of X. 
(c) The composition of functors 7t* . % is the homology theory E, associated with the 
spectrum E. 
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Further, all connective homology theories arise in this way. 
The restriction to free monoids in (b, ii) is only to be expected. It arises from the fact 
that the universal group functor U (defined in [I ; Definition 4.11) is only known to be a 
homotopy invariant under some such restriction. The following result indicates that, in a 
sense, this is not a real restriction. 
THEOREM B. If X is a pointed s+mplicialset with a r +-structure,f: r+ X + X, there isa free 
monoid M with a l-+-structure, g: T+M -+ M, and a homomorphism ~1: M + X of monoids 
with P-structure (i.e.f. T+cr = a . g: lY+M + X) which is a deformation retraction. 
The definition of the functor X in Theorem A is natural with respect to maps of spaces 
with I?-structure. Thus the homomorphism a of Theorem B gives rise to a natural trans- 
formation of functors 
The fact that a is a deformation retraction implies that the map 
is a homotopy equivalence for all pointed simplicial sets A. 
Of course, Theorem A is also true in the category of compactly generated topological 
spaces of the homotopy type of a CW-complex. It was remarked at the end of $4 of [l] that a 
functor r+ may be defined in this category; a natural transformation h may also be defined 
and thus the concept of a I-+-structure on a pointed topological space. Then, given a 
pointed topological space X with a I?-structure, its singular complex S(X) (see e.g. [7; 
1.51) is a pointed Kan complex with a I?-structure. This follows using the obvious map 
r+s(x) + s(r+x) 
defined as in [l ; Definition 4.41. Then the realization of the spectrum arising by Theorem 
A from the I-+-structure on S(X) provides the topological version of the theorem. 
Recently, there have been many expeditions into this part of the mathematical world. 
Our concept of a I-+-structure on a space is the same as “the action of a (particular) 
E,-operad on the space” as defined by May (in [S] and [9]). Theorem A shows that, for 
theoretical purposes, this is the only E,-operad which need be considered. Our method of 
proving that a P-structure on a space gives rise to an infinite loop space is based on Beck’s 
proof of his recognition principle (in [2]). Segal (in [l 11) has a most elegant construction for 
spectra arising from certain categories, but it seems difficult to relate his “ special r-spaces ” 
to our “ spaces with r+-structure “: the use of “ r ” in both cases is a coincidence! Board- 
man and Vogt have also announced results (in [3]). 
It is perhaps worth commenting that these recognition principles (apart from [3]) 
are not homotopy invariants, for example it is not true that if X is homotopy equivalent to a 
space with a IT+-structure, then X has a P-structure. It is not difficult to give the appro- 
priate homotopy invariant property, i.e. to give the analogue of StashelI? A,-spaces (see 
[12]) for infinite loop spaces, but, as might be expected, it is rather complicated and we do 
not do it here. 
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The plan of this paper is as follows. In $2 we define the functor X associated with a 
space X with a r+-structure and derive its properties proving (a), (b) and (c) of Theorem A 
(and incidentally Theorem B). In $3 we show how an infinite loop space gives rise to a space 
X with a I-+-structure and in $4 we show that the spectrum associated to X using the 
functor X is equivalent to’the one we started with-in other words that the procedure of 93 
provides a right inverse for the procedure of (a) in Theorem A. We begin in $1 by outlining 
a few necessary results in the theory of bisimplicial sets. 
$1. PRELIMINARIES: BISIMPLICIAL SETS 
In this section we collect together a few well-known ideas which are needed. 
We write A for the category whose objects are the finite sets [n] = (0, 1, . . . , n} for n 2 0 
and whose morphisms are all weakly monotonically increasing maps. In particular, for 
0 s i I n, we write ai : [n - I] + [n] for the injection whose image is [n] - {i} and 
oi : [n + l] + [n] for the surjection which has i++ i and i + 1 pi. 
Thus a simplicial object in the category %’ is a contravariant functor A : A + V. A(6,) 
is the face map ai (in [7]) and A(ai) the degeneracy map Si . 
DeJinition 1.1. A bisimplicial object X in the category %? is a contravariant functor 
X:A,A-+V 
and a morphism of such is a natural transformation. We denote the category of bisimplicial 
objects in % by %?“. 
If X is a bisimplicial object we use the following notation. 
X rn,” = X(bl, bl), 
ai’ = X(&, I), aiu = X(1, S,), 
Si’ = X(0,, I), Sin = X(1, a,). 
Given a non-negative m, we define the mth level of X, written Xc,,,, to be the simplicial 
object given by the functor X( ,[m]) : A +%?, i.e. (Xc,,), = X,,,, etc. Thus a bisimplicial 
object in % may be described by its levels as a simplicial object in V’, the category of 
simplicial objects in %?. This we shall do (in defining functors X+ and X in 92). There is an 
isomorphism of categories @” 2 (%“)‘. 
Bisimplicial sets, bisimplicial monoids and bisimplicial groups will all be used in this 
paper. We now consider bisimplicial sets, but remarks corresponding to those following 
apply to the other two categories. 
Consider the possible meaning of the “realization” of a bisimplicial set. We can use the 
topological n-simplex A” (see, for example [7; $141) for each n 2 0 to “realize” the bisim- 
plicial set as a CW-complex in a manner similar to the topological realization of a simplicial 
set. To be precise: 
116 M. G. BARRATT and PETER J. ECCLES 
Definition 1.2. There is a realizutionfunctor 11 ) from bisimplicial sets to CW-complexes 
defined as follows. Given a bisimplicial set X, let 1 be the disjoint union 
“rJO-L”’ x A”’ x A”’ / 
II;>0 
where each X,, , n2 is given the discrete topology. An equivalence relation N on X may be 
defined by 
(X(Pl, PJX, ti, t2) N (x, Pl(U, I&)) 
forxE X n,, n2, ti E A”‘, pi : [mi] + [nil inducing pi : A”* -P A”‘, for i = 1,2. Then (1 XII = xl-. 
However, there is another possibility. A bisimplicial set may be viewed as a simplicial 
simplicial set (i.e. the description by levels) and thus may be “ realized ” as a simplicial set 
in the usual manner using the standard n-simplices A[n] in the category of simplicial sets 
(see [7; 5.4]), i.e. given a bisimplicial set X we factor out by the obvious equivalence 
relation involving face and degeneracy maps from the simplicial set 
U Xc”, x Nnl. 
On examining the equivalence classes it is found that the construction may be defined in a 
particularly simple way as follows. 
Definition 1.3. There is a cokzpsingfunctor 9 from bisimplicial sets to simplicial sets 
defined by composition with the diagonal functor of categories 
A+Ax A. 
Thus, given a bisimplicial set X, 5?(X), = X,, “, 
ai = ai’ . q” : ._qX), -+ sJiyX)“_ 1, 
si = Si’ * Si” : W(X), +w(x),+l ) Oliln. 
Once we have observed the remarks preceeding this definition, the following result is 
just a straightforward check. 
PROPOSITION 1.4. For a bisimpliciul set X, II X/J . IS naturally homeomorphic to 1 %X1, 
the realization of the simplicial set WX. 
Thus no topological information is lbst in collapsing. 
Example 1.5. A simplicial set X may be considered as a bisimplicial set in two ways. 
(i) As e,(X) defined by levels as e,(X),,, = X, , the discrete simplicial set, ai” = ai, 
Si” = si . 
(ii) As e,(X) defined by levels as t?,(X),,, = X, a,” = 1, Sin = 1. 
Clearly, Be,(x) = X, 2e,(x) = X. 
The following results give us a hold on the homotopy type of the collapse of a bisim- 
plicial set from the homotopy type of the levels. 
PROPOSITION 1.6. Suppose f: X + Y is a map of bisimpliciul sets such that, for each 
n 2 0, fCnj : Xtnl + Yc,j induces an isomorphism of homology groups. Then .%f : 99X + W Y 
induces an isomorphism of homology groups. 
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COROLLARY 1.7. Suppose f: X + Y is a map of bisimplicial groups such that, for each 
n 2 0, f{“, : ql, + Y(n) is a homotopy equivalence. Then B??: WX + .% Y is a homotopy 
equivalence. 
This follows from the proposition since 9i’f is a map of simplicial groups. 
A spectral sequence argument proves the proposition. Given a bisimplicial set X and 
an integer q, a simplicial group H,‘(X) may be defined by 
(H,‘(X)), = HJX& for n 2 0 
W,‘(-V(4) = (W x 4>>* : ff&+) -+ Hq(xc,,,J for 4 : [ml -, bl E A. 
Then the proposition follows from 
LEMMA 1.8. Let X denote a bisimplicial set. There is a natural Jirst quadrant spectral 
sequence E:,(X) converging to H,(BX) with a natural isomorphism 
E;,,(X) = n,(H,‘(X)). 
This lemma follows in turn from [6; Theorem XI 3.11 which tells of the convergence 
of the spectral sequence of a bicomplex. For we may define a bicomplex C(X) from X by 
C(X),, 4 = ZX,, 4” the free abelian group on X,, *, and using the face maps to give boundary 
maps in the usual way. That H,“H,‘(C(X)) (notation of [6]) is naturally isomorphic to 
zPHq’(X) follows from [7; Theorem 22.11 and that H,(Tot C(X)) is naturally isomorphic to 
H,(B?X) is a slightly tedious but straightforward computation. 
Note 1.9. An alternative approach to Corollary 1.7 is to use the spectral sequence in 
homotopy analogous to that of Lemma 1.8 which has been obtained by Quillen for sim- 
plicial groups (in [lo]). 
To conclude this section, we mention that by which it would have been replaced had we 
worked with topological spaces rather than simplicial sets. Simplicial spaces replace bi- 
simplicial sets. The realization functor from simplicial spaces to spaces (defined using Milnor’s 
construction [7; $141 but with the given topology on the space of n-simplices) replaces the 
collapsing functor. A difficulty is met in deducing Corollary 1.7. The realization of a sim- 
plicial object in the category of topological spaces of the homotopy type of a CW-complex 
does not necessarily have the homotopy type of a CW-complex (see e.g. [l 11) and this provides 
a technical obstacle-which can be overcome in certain cases (e.g. [8], [I I]). This problem 
is avoided by working with bisimplicial sets. 
82.THJ3 FUNCTOR % 
Suppose X is a pointed simplicial set with a I-+-structure f : I+ X + X. This means 
([I ; Definition 3.71) that f is a retraction and 
f.r+f=f. hX:r+r+x+x 
where h: T+T+ -+ r+ is the natural transformation of [l ; Proposition 3.51. 
In this section it is shown how, using this structure on X, a functor x from pointed 
simplicial sets to simplicial groups may be defined satisfying parts (a), (b) and (c) of Theorem 
A of the introduction. On the way, Theorem B finds itself proved. 
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Definition 2. I. Given a pointed simplicial set A, a bisimplicial monoid X+(A) may be 
defined by levels as follows. 
X’(A){,, = T+(A A (T+)“X) for n 2 0, 
a,” = hAh(T+j”->X. l-+$’ : X+(A)(,) +X+(A&), 
ai” = I+(lA A (I+)i-lh~r+j,-i-lX) : X’(A),,, + X+(A)(,_lj, 0 < i < n, for n > 0, 
a," = r+(i, A (I-+)“-If) : X+(A)(,) + X+(A&) 9 I 
si” = l?(lA A (I+)ircr+,n-ix) : X’(A)(,) --) X+(A)o,+Ij, 0 I i I n, for n 2 0. 
Here, 1 A : A + A is the identity map, II/’ : A A T+B + T+(A A B) is the restriction (to I+) of 
the map of [ 1; Definition 4.41, and rg . B + T+B is the natural inclusion of [l ; Definition 3.31. 
These face and degeneracy maps are all maps of simplicial monoids and the necessary 
relations between them are easily seen to hold. Those not involving a,” follow from the 
properties off as a I+-structure and the properties of h ([l; Proposition 3.61). Those 
involving a,” follow from properties of I+V which follow immediately from the definitions. 
The bisimplicial group X(A) is defined to be the universal bisimplicial group of X+(A), 
i.e. X = U. X+. In particular, the nth level of X(A) is given by 
X(A)(,) = I(A A (r+>nx). 
Finally we define the simplicial monoid .%“‘(A) and the simplicial group %(A) to be 
the results of applying the collapsing functor .%? to X+(A) and X(A), respectively. 
Clearly, X+, X, ?Z^+ and % are all functors to the appropriate categories. 
LEMMA 2.2. Suppose (A, B) is a pair of pointed simplicial sets and q : A + A/B denotes 
the map identtfying B to the base point. Then the natural homomorphism 
%(B) + ker[.Y(q) : S(A) --) ?E(A/B)] 
is a homotopy equivalence. 
Proof. By [l ; Corollary 7.41, the homomorphism 
X(B)(,, -, ker[X(q)(,, : WOW + XWB)~,~l 
is a homotopy equivalence for all n 2 0. The result follows by Corollary 1.7. 
COROLLARY 2.3. The natural homomorphism 
.%(A) + ker[.S?“(CA) + .!Z(CA)] 
is a homotopy equivalence for all pointed spaces A. 
COROLLARY 2.4. There is a natural homomorphism 
e,, : %(A) -+ R%(CA) 
which is a homotopy equivalence. 
Proof. CA is contractible for all A, i.e. there is a natural retract 
c,:CCA+CA 
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(see [l; Definition 4.4]), and so ?K(CA) is contractible through homomorphisms, i.e. there 
is a natural retract 
whose adjoint 
c%-( CA) + 57( CCA) + X( CA) 
X(U) -+PX(CA) 
is a homomorphism. Thus, from the following commutative diagram, 
1 -, W~_(s>l 
E(q) 
- X(CA) - Xl 
I 
PX( CA) 
I P%(q) 
I + C&CA) - PX(CA) - X( 
:A) + 1 
1 
:A) -+ 1 
in which the rows are short exact sequences of simplicial groups, there is a homomorphism 
ker[%(q)] + QX(CA) 
which is a homotopy equivalence by J. H. C. Whitehead’s theorem, the five lemma and 
[l; Corollary 2.61. Composition with the homomorphism of Corollary 2.3 gives eA as 
required. 
eA may be described explicitly as follows. Its adjoint 
C%(A) = X(A) A S’ = 9(X(A) A 0&S’)) +%-@A) 
is the collapse of the map of bisimplicial groups given 
XI-(A A (I-+)“X) + 1-(CA A 
the map defined in [l ; Definition 4.41. 
on the nth level by 
(I+)nX), 
Now we write E,, = X(S”) and e, = e,, : E,, + ClE,,,, for n 2 0, these spaces and maps 
forming an O-spectrum E. Since %‘(A) is connected if A is connected, E, is connected for 
all n 2 1 and so E is a convective spectrum. 
The next step is to relate the initial space X(S”) of E to the space X from which it arose. 
LEMMA 2.5. X is a deformation retract of X’(S’). 
Proof. We define new structure maps 
c1 = z~r+)n+lx : x+(P)(.) -+X+(S”)(n+l) 
for all n 2 0. These are not homomorphisms but they are simplicial maps. They satisfy the 
conditions required of 0 in [ 1; Lemma 2. I] and so the epimorphism 
r : X+(SO) --*B,(X) 
given by 
r(x) = (s~*)~ alno(ao”)‘(x) = (so”)“f(~,“)“(x) 
for x E X+(S”)(n), is a deformation retraction. 
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Of course this is using a bisimplicial set version of [l; Lemma 2.11 which is just a 
trivial extension of that result. The homotopy is a map 
x+(9) x 0,(Z) +X’(Y). 
The result follows by applying the collapsing functor .!J?. 
Before continuing with the main line of argument we pause to note the following. 
PROPOSITION 2.6. X’(S’) is a free simplicial monoid with a l-+-structure. 9?r : Xf(So) 
--f X is a map of monoids with IF’-structure. 
This proves Theorem B of the introduction. 
Proof. Given a pointed bisimplicial set A, we may define a natural bisimplicial monoid 
JY+A by applying the functor Tf to the levels and the face and degeneracy maps between 
the levels of A. Then it is clear that 
9r+A = r+%?l. 
Thus, if A has a l-+-structure on each of its levels A,,, such that the face and degeneracy 
maps are maps of spaces with rf-structure, then 3?‘A has a I-+-structure. 
Now clearly X’(S’) is such a bisimplicial set (the natural transformations h providing 
the structures) as is e,(X) (since X has a r+-structure). The map r : X’(S’) + e,(X) 
respects the structure so that & is a map of spaces with I+-structure as required. 
Now we prove part (b) of Theorem A. 
PROPOSITION 2.7. Zf no(X) is a group under the product induced by the l-‘-structure on 
X, then the composition 
x J+ x+(sO): X(SO) 
is a homotopy equivalence. 
Proof. If u can be shown to be a homotopy equivalence then the result follows by 
Lemma 2.5. rco(X’(So)) g no(X) as monoids since 2r is a homomorphism andson,(X+(S’)) 
is a group. Hence, by [l ; Theorem 5.21 u induces an isomorphism of homology rings with 
integral coefficients. 
Since the set of components of X’(S’) forms a group the components are all homo- 
topy equivalent and the same is true of X(S’). Thus we need only consider the map of the 
components of the identity, i.e. we may suppose %‘(S”) and X(S’) to be connected. 
Then u : X’(S’) --f X(S”) induces a map of (simply connected) classifying spaces which 
induces an isomorphism of integral homology and so is a homotopy equivalence. On taking 
loop spaces we obtain that u is a homotopy equivalence (using [4]). 
However, the wary reader will have detected a flaw in this argument. In general X’(S’) 
is not a Kan complex. X and %“(S’) are and so the statement of the proposition is meaningful. 
The proof can be corrected by the use of the realization functor or Kan’s functor Ex”. 
Part (b, ii) is proved similarly. By Lemma 2.5 the homomorphism 9?r : X’(S’) +X 
is a deformation retract and so certainly induces an isomorphism of integral homology rings. 
Thus, by [I ; Theorem 5.21, the universal group map 
U%r : X(S”) 4 UX 
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induces an isomorphism of integral homology groups. Hence U9r is a homotopy 
equivalence, proving 
PROPOSITION 2.8. If X is a free monoid, then E,, = %“(S”) is homotopy equivalent to 
UX, the universal group of X. 
Of course, for all monoids X with a l-+-structure ?E(S’) is homotopy equivalent to 
OWX, the loop space on the classifying space of X. 
Finally we turn to part (c) of Theorem A. 
PROPOSITION 2.9. The composition of functors rc* . 3 is the homology theory associated 
with the spectrum E. 
Proof. The functor 7c, . 35 is a homology theory since it satisfies the necessary axioms. 
The homotopy axiom follows by Corollary 1.7 from the fact that r is a homotopy functor 
([l ; Proposition 4.51). The exactness axiom follows from Lemma 2.2 using [I ; Corollary 2.61. 
To show that z* . X and E* are the same we define a natural transformation of homol- 
ogy theories 
&:E*+n*.%” 
which induces an isomorphism of coefficient groups. 
Given a pointed space A we define for non-negative integers i a natural map 
&(A) : %-(S’) A A -+ X(C’A) 
as the collapse of the map of bisimplicial sets 
X(S’) A B,(A) + X(C’A). 
given on the nth level by the map 
$’ : r(si A (r+yx) A A +r(PA A (r+)nx) 
of [l ; Definition 4.41 (cf. the description of the adjoint of e, following Corollary 2.4). 
The following diagram is commutative. 
%(S’) A A 
MA) 
- X(Z’A) 
I I 
Wi+l(A) 
fi(!i!-(s”‘) A A) - R%-@+‘A) 
This follows immediately from the definitions of the maps. Thus we may define a natural 
map of direct limits 
4(A) : ‘i+n Qi(Ei A A) + ‘;I+ R’X(C’A). 
Applying the functor rr* to this map and using Corollary 2.4 gives 
&(A) : h.(A) + T+ . z(A). 
4(S”) is the identity map and so $J* induces an isomorphism of coefficient groups as 
required. 
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$3. AN INFINITE LOOP SPACE HAS A r+-STRUCTURE 
The heading of this section is not quite correct. In fact the following result will be 
obtained. 
PROPOSITION 3.1. If X is an injinite loop space, there is a space Y, homotopy equivalent 
to X, with a r+-structure such that x,(Y) is a group under the inducedproduct. 
In $4 it is shown that the infinite loop space structure on Y induced by the I7+-structure 
by the methods of $2 is equivalent to the given infinite loop space structure on X. 
Before giving the proof of this proposition it seems appropriate at this point to comment 
on the relationship between this result and the work of Dyer and Lashof (in [5]) for, as we 
remarked in [l], their basic construction is very closely related to this. 
It may be recalled that they show that an infinite loop space X is a special I$‘-space 
for all positive integers p, by which they mean that there are maps 
ep: ws, xspxp-+x 
such that fI,([w, x, *, . . , J) = x for all w E WS, and x E X. On following their recipe it is 
not difficult to see that the maps 13~ fit together to give a map 
f:I-+x+x 
which is a retraction. However, in general, this does not provide a l-+-structure for X 
but only a “-homotopy I+-structure “, i.e. it is only possible to prove that 
f. r+fq-. h,: r+r+x+x 
([5; Theorem 1.21) and it is not true that these maps are equal. 
This is what we should expect, for the property of having a I+-structure is not a homo- 
topy invariant whereas that of being an infinite loop space is. The property of having a 
homotopy I?-structure is of course a homotopy invariant but is, no doubt, a weaker 
property than that of having a l-+-structure. Proposition 3.1 says that, if X is an infinite 
loop space, then by replacing X by an equivalent Y the homotopy If-structure obtained by 
Dyer-Lashof can be made into a I?-structure. 
To prove Proposition 3.1, since X is an infinite loop space there is a connective 
Cl-spectrum E = {Ei, e, 1 i 2 0} such that E,, = X. The result follows from the following 
lemmata. 
LEMMA 3.2. X is homotopy equivalent to lim RiJ-+Ej where the maps of the directed 
f 
system are given by 
R’r+el 
R'l-+Ei - Q'r+RE,+, 
W&+, 
____, cY+'I-+Ei+l 
Here y+ : I?+ Sz + CU’+ is the natural transformation of [l ; Definition 4.41 restricted 
t0 r+. 
LEMMA 3.3. lim QiT+Ei has a r+-structure such that 7c,(lim RiT+Ei) is agroup under 
7 I 
the induced product. 
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Proof of Lemma 3.2. Ei is (i - 1)-connected. Hence, by [l; Proposition 6.21, 
Hj(T+Ei, Ei) = 0 forj < 2i. And so, if i > 1, (T+Ei, EJ is a (2i - I)-connected pair by the 
relative Hurewicz isomorphism theorem, for T+Ei is clearly simply connected. Thus 
(QiT+Ei, QiEi) is an (i - 1) connected pair. Passing to the direct limit this means that 
lim niEi -+ lim R’T+Ei is a weak homotopy equivalence and so a homotopy equivalence. 
? t 
Finally we observe that X and lim R’Ei are homotopy equivalent. 
f 
Before proving Lemma 3.3 it is convenient to state the following result. It follows from 
the definitions by a straightforward check. 
PROPOSITION 3.4. Given a pointed space A,y: : T+RA +!X+A is a map of spaces 
with r’-strucuture where 
h nA: r+r+m -d-+a4 
provides the r+-structure on l?QA, and 
oh,. $+A : r+m+A --* m-+r+A 3 ar+A 
provides the S-structure on RT+A, i.e. the following diagram commutes. 
r+r+a4 
I r+y: 
YTt+A r+m-+A - m+r+A 
Proof of Lemma 3.3. Let fi = !ZhEi . &-+Ei : 
I r: 
RhA 
- Rr+A 
r+@r+E, -_) &r+r+Ei 3 air+Ei, 
where c$? : I’+R’A + @T+A is defined by the iteration of the natural transformation y+. 
It is simple to check, using the naturality of 4’ and h and Proposition 3.4, that the fi 
commute with the maps of the directed system to give 
f: rf lim QiT+Ei = lim r+sYr+Ei +lim QT+Ei. 
t I I 
Then f provides the required l-+-structure. To check that the necessary commutative 
diagrams hold it is sufficient to do this for the corresponding diagrams involving fi. That 
fi is a retraction is easy. The following diagram completes the check. 
h WT+Ei 
A 
nir+r+r+Ei 
b r+nT+_q 
r+oir+Ei 
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Here A commutes by i applications of Proposition 3.4, B, C and D by the definition off,, E 
by the naturality of 4i and F by Proposition 3.6 of [l]. 
Finally, since lim RiT+Ei = R lim QiIfEi+l 
7 I 
with a I-+-structure induced by one on 
lim Ril?Ei+l, it has rcn, a group under the induced product. 
1 
54. ALL CONNECTIVE SPECTRA ARISE FROM SPACES WITH A l-+-STRUCTURE 
In this section the last sentence of Theorem A is proved. This amounts to showing that 
the construction of $3 provides a right inverse for the construction of $2. 
Suppose E = (Ei , e, 1 i 2 0) is a connective Q-spectrum. Then Lemma 3.2 shows that 
the natural map 
t, : E,, -+ lim RiT+Ei = X, , say, 
7 
is a homotopy equivalence, and by Lemma 3.3. X0 has a natural l-+-structure, say 
fe: r+xe+x,. 
Similarly it may be shown for IZ 2 0 that the natural map 
t, : E,, -+ lim R’I+Ei+n = X,, say, 
? 
is a homotopy equivalence and X, has a natural I+-structure, sayf, : I+X, + X, . Also, for 
n>O,amapx,:X,-,QX,+, may be defined, as the direct limit of maps 
R’l-+t?i+, 
R’I+E,+, - M-+nEi+“+, 
Ridi+,+, 
p SZi+lI-+Ei+,+l, 
so that we have a connective R-spectrum X = {X, , x, [II 2 O}. Then t : E --*X is a map of 
spectra giving an equivalence of spectra. 
Since X,, is a space with a It-structure such that n,(X,) is a group, the construction 
of $2 gives a connective Q-spectrum G = (Gi, gi 1 i 2 0}, where Gi = X,(S’), such that G, is 
equivalent o X0. We must show that G and E are equivalent spectra. This may be done by 
defining new C&spectra Y+ and Y and maps giving equivalences of spectra as follows. 
E:X&Y+:Y&_G 
PROPOSITION 4.1. The r+-structures on each of the spaces X, are compatible in the sense 
that for each n 2 0 the following diagram commutes. 
This is a straightforward check from the definitions. 
COROLLARY 4.2. We may dejine a spectrum Yf = { Yz, y,’ 1 n 2 0}, where 
Y,+ = .%‘,‘(S’), equivalent to the spectrum X. 
r + -STRUCTURES-II : A RECOGNITION PRINCIPLE FOR INFINITE LOOP SPACES 
Proof. The proposition ensures that we may define a map 
X,‘(9) A &(S’) -+x,= @) 
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which collapses to a map C Y,+ -+ Yz+ 1 whose adjoint is y,‘. On the mth level this is given by 
(r+)m+lX” A s’ --t (r+)m+lCX” (using [ 1; Definition 4.41) 
-+ (r+)m+lX”+l (using the adjoint of x,). 
The inclusion maps X, + (r+)m+l X, may be used to give an inclusion of spectra 
1 : X + Yf. The deformation retractions %?r : X,‘(S’) -+X, of Lemma 2.5 provide a map 
of spectra Y+ -+ X homotopy inverse to 1. 
COROLLARY 4.3. We may define a spectrum Y = {Y,, y,,ln 2 O), where Y,, = X,(S’), 
equivalent to the spectrum X. 
Proof. Y is obtained from Y+ using the universal group functor and so there is a map 
of spectra II : Y+ +Y. Then, as in the proof of Proposition 2.7, II. l: X +Y is an equiva- 
lence of spectra. 
PROPOSITION 4.4. There is a map of spectra E : G + X which is an equivalence. 
ProoJ: Given a pointed space A we define a natural map 
X,(ZA) -+X,+,(A) for i 2 0. 
On the mth level this is given by 
rp4 A (r+)mxi) +r(~ A (r+yzxi) (using [l ; Definition 4.41) 
-+r(A A (r+)mxi+l) (using the adjoint of xi). 
Again Proposition 4.1 is needed to ensure that these maps commute with the structure maps. 
By the composition of n of these maps we obtain 
X0(F) + X,(SO) for n 2 0 
which collapses to 
E, : 5t”o(Sn) + 5Yn(S0) 
giving a map of spectra 
E:G+Y. 
This is certainly an equivalence for co is the identity map and both spectra are connective. 
This completes the proof of Theorem A. 
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